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Abstract. The aim of the paper is to point out how pupilsdifferent ages know how to formalize
algebrically a number theory historical problem.eThaper was inspired by the new epistemological
perspective according to Regis Gras who introducedewa approach with its own characteristics for
representing a fuzzy implication. The empiricaladatere processed using the classical methods of the
Statistical Implicative Analysis into a broad rarafgossible behaviours of pupils regarding a fuazyriory-
analysis. The obtained results showed a differdmeteveen the processing of data by a binary logical
assumption in the a priori-analysis and the sames grocessed from a fuzzy point of view. This is
significative for the evaluation of mathematicaillskof pupils at different levels.

1 Introduction

This paper concerns with a didactic research atteuskilfulness of formalization by pupils facingyiaven
mathematical problem having a historical backgrourainely the determination of all the prime numheinich
are sums of two squares.

The first formulation of the theorem was expressgdPierre de Fermat (1601-1665) into a letter taiMe
Mersenne (1588-1648) on 25 December 1640 in whighead:

Tout nombre premier, qui sourpasse de l'unité uftipte du quaternaire, est une seul fois la sommeelix
quarrés, et une seule fois I’hypoténuse d’'un tiliangctangle.

Fermat wrote again on the same subject to FrédeBessy (1605-1675) on 15 June 1641:

La proposition fondamentale des triangles rectang$t que tout nombre premier, qui sourpassedid’un
multiple de 4, est composé de deux quarrés.

In his Observations sur Diophantéedited by his son Samuel in 1670) Fermat suppéethethod to
determine how many times a given number is the sfintwo squares and, hence, the hypotenuse of a
Pythagorean triangle. In the same observation wd of a procedure for finding a number that is ivietd by
adding two squares in an arbitrary number of wayerefore, the inspiration to study the sum of sgoares is
related to the Pythagorean triangles.

After Fermat's formulation, the first demonstratiohthe theorem was given by Leonhard Euler (17083}
who performed some years of work to gain a satisfgqroof of it. Another demonstration of the them was
given by Carl Friedrich Gauss (1777-1855) in Bisquisitiones Arithmetica¢l801) by the theory of binary

quadratic forms.

The theme of the present research arose in annmiafomanner during a lesson about the Pythagorean
theorem and its converse. First, the consideratfche Pythagorean relation got the teacher topasils to try
to determine the triples of natural numbayb andc such thag? + b? = ¢, i.e. the so called pythagorean triples.
On the other hand, the simple observation of soxaenples of triples as’5= 3 + 4* or 13 = 5* + 12 got the
teacher to ask if a same relation can hold for enmambers too, namely, when a prime number canrifiervas
a sum of two squares? For example, 5 and 13 ars sfitwo squares, since

5=12+2 13=23+73

1 For an extensive history of the demonstrative mesiof the theorem see Bussotti [2000].



A case study about the formalization by pupils ofianber theory problem

while 3 and 19 cannot be written as a sum of twaaseg, since, for example, one can check, forHa#, t
none of the differences

19-%=18,19-2=15, 19-3=10,0r19-%=3

is a square.

This question, apparently simple, greatly inter@skes pupils, therefore the teacher posed a gegagsition:
to find the algebraic form ddll the prime numbers which can be written as a sutwofsquares. He wanted to
falsify or to validate a basic hypothesis redardihg fact thatpupils are not generally able to formalize a
number theory problem

In order to quantify pupils’'s answers to the quastithe research was carried out by using two @rpri
analyses about the possible behaviours of puplis. first a-priori analysis labelled pupils’s betauis on the
basis of the binary logic, while the second onellebl pupils’s behaviours on the basis of fuzzyidoyVe are
intending the implicated variables as variablessivdl to be defined by linguistic-numerical ternes@ding to a
fuzzy codification approach, in the sense thatutbed methodology regarding the analysis of theltsebas been
appropriating chosen because, as for the arithraeticalgebraic thought, it is generally difficudt¢haracterize
it in a clear and definite manner only by a diclmebws choise between two values (0-1). So, for etadsic
field S of behaviours we have indicated a sequence of/fumtficatorsF; corresponding to weighted evaluations
regarding the awareness degree by pupils abouatigedraic thought. We made a fuzzy codificatiordbferent
weights on each of thg;.

The data were processed by the software CHIC ih bases and the results were really differentabse,
while the first a-priori analysis validated the ginal hypoyhesis, the second one, falsified it,vahg that it
needs very attention by a teacher before formyatimy judgment about the skilfulness of a pupil.

The paper is an attempt to apply the new epistegicdbperspective of Regis Graito a didactic context,
because the fuzzy implication is suitable to interphe results of the investigation.

2  The experimentation

The experimentation was carried out at three difierpublic High Schools in Palermo: “Galileo
Galilei"(Scientific High School), “Finocchiaro Age” (Psyco Social Pedagogic High School) and “IT@d
(Technical Commercial High School).

The choice of these three schools is owed to tloe tfaat different typologies of students give more
significancy to the results regarding the passema the arithmetic thought to the algebraic one.

The classes involved were a first, a second amiré ¢lass of the three High School (14-16 yeadj.drhe
range of the age of the students was chosen tatigage, in a largest possible way, the differesttdviour and
verbalization of the pupils. Everyone was ablendarstand the language by which the text of thélpro was
expressed.

As regards the methodology followed, the questiomnaas distributed at the same time to the three
different classes, with a table of the first 500n@ numbers and a table of the first 500 squarés. fime
available to the students was 120 minutes.

2 Gras R., Spagnolo F. (2004).
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3 The a-priori analyses of pupils’s behaviours

Classic analysis Fuzzy analysis
S0: He/she does not understand|the FO1:  errors in understanding the text;
problem F02: calculations with prime number 2;

F11: he/she goes on by random attempts;
F12: he/she calculates only the first “10”
S1: He/she goes on by trial and error | cases;

F13: he/she goes on in a methodjcal
manner;

F21: he/she does calculate by using Both
with compound and prime numbers;

S2: He/she goes on by arithmetic F22: he/she does calculate the differences
calculations between squares at random;

F23: he/she does calculate differences
between subsequent squares;

F31: Approaching to the use of variafle,

. . . .she/she does consider some large prime numbers
S3: He/she generalizes without ugin - ; . .
. as generalization even if he/she doesn't arrije to
algebra formally (he/she does characterize pn A
. ; . 'a.general formalization;

some relations among calculations approaching”t

the use of variables, without distinguishing the

different role between a parameter and a variabje) F32: Approaching to the use of variable,
he/she doesn't consider some large ptime

numbers, he/she only use the "first" case. He/she
doesn't arrive to a general formalization;

F41: he/she writes some algebraic fofms
with a parameter;

F42: helshe puts the parameter erronequsly

S4: Helshe generalizes by using alg¢hvahe form;
(he/she does point out the role of the parameter F43: he/she does not attribute right values
to the parameter;

F44: he/she performs right calculatigns
with the parameter;

F51: he/she answer "Yes" after few
attempts;
S5: He /she answer "yes"
F52: he/she answer "Yes" after a lo{ of
attempts;
F61: he/she answer "No" after few
S6: He /she answer "no" attempts;
F62: he/she answer "No" after a lot| of
attempts;

4  Analysis of data: the different evaluation from thebinary logic and the fuzzy point
of view
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The following graphs we are discussing are the mmemningful ones which we obtained by the
experimental phase. We did not insert other gréygicause they confirmed all that was deduced framthphs
reported here.

We present two different points of view to “readietresults in terms of the validation of the basic
hypothesis: a binary/classical logic point of viewd a fuzzy one. The data processed by the soft@HI€
“give” in the two case studies really different ults. As we just said before, while the first @pranalysis
validated the original hypoyhesis, the second aissfy it.

The fuzzy evaluation has been labelled in the ¥ailhg manner corresponding to different “behaviours
tipologies™

S3: Generalizatiop
without using algebr
formally (only somg
S1: Trial and errors relations among
calculations
approaching to the usge
of variables)

[*

Fli1| F12] F13 F31 F32
Student1] 000 033] 090 000 0.67
Student2] 000 000 050 0,00 0,00
Student3| 000 000 050 0,00 0,00
Student4] 000 000 050 033 0,00
Student5| 0,00 033] 050/ 0,00 0,00
Student6] 0,00 033 050/ 0,00 0,00
Student7| 0,00 033] 000/ 0,00 0,00
Students| 000 033] 050/ 0,00 0,00
Student9| 017 000] 050/ 0,00 090
10 Student 017 000/ 000 0,00 0,00
" Student 017 000/ 000/ 0,00 0,00
" Student 0,00/ 033 09| 0,00 1,00

As regard the result obtained by pupils attendhegfirst year of High School we refer to the conmaar of
the results finded at all the three High Schoolsstderated.

By analizing, at first, the problematic from thendiy logic point of view, the following similaritietree is
referred to the Scientific High School “Galileo @ail. It shows us, as more interesting resultsywhihe
strategies SO-S1-32levant for the processby trial and error adopted by the students, arsideneted by the
software quite similar to the algebric one (S3jeimms of manipulation of formulas.
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Fig. 1 Binary Similarity tree of Scientific High I8ml “Galileo Galilei”

Perhaps, this interpretation depends on the fattiiemodus operandiy trials and errors can be considered
whether as an arithmetic strategy and as a purépmoiation by letters which has nothing in commonhathe
algebraic formalization. This fact represents feram open problem which has to be investigated futtuae
experimentation, even if we have already made a&metailed analysis, by a fuzzy codification.

In fact, a deeper analysis in terms of fuzzy logliows us how the similarities tree changes rdglieaid
“specifies” the precedent graph:
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Fig. 2 Fuzzy similarity tree of Scientific High $ch“Galileo Galilei”

The first significant similarity is the link beetee F11 and F12: the students going on random alarid
error, after few attempts, give up to go on becdheg are not able to find a general rule and sy giop after
few tests.

The results finded in the previous graph (S1-S8)aso presented in thiszzy similarity tregin terms of
F13-F31. The students try to arrive at a formaiimatof the treated problematic but they point oame
difficulties to work in a formalizated mileu and s$leey re-consider again, as a help to their reagprthe
arithmetic strategies. Infact, in the protocolsythe-consider some sequence of large prime nunmdsessngle
cases of their reasoning. Formalizing equals fentho consider that a property be true when thegider very
large natural numbers.

As regard this behavior we could give two differgmérpretations:

In order to prove the truth of the assertion conicey the posed problem, the student utilizes adu@tion
process’sui generisi. e. he considers as initial quantities the gxas presented in the text of the problem and
he thinks that the decomposition of a prime nunibter the difference between two squares could be for all
the prime numbers if he is able to verify it fonslarge numbers.
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The student goes for abduction (according to Peibeeause he believes that verifing the truth @& th
assertion for a little set of large prime numbéestruth follows for the whole set of prime numbers

The link (F13-F31)-F22 shows us that the studergsat able to get an overall formalization of fieblem
because they are linked to a strategy by trail @mdrs A brief overview of the implicative grapheses to
confirm our intepretation of the protocols.

F11 F32 F31

F12 F61 F13

F22

The implications F31 => F13 and F11 =>F12 are valithe threshold 0.99;
the implication F32 => F61 is instead valid to theeshold 0.95, and the implication F61-f13 => 82alid
to the threshold 0.60.

The following implicative binary graptputs in evidence an interesting element of analfgsithe research.

Z

S1

=)

In fact, among the different current implicationse tS2=>S4 (with threshold 0.99) and S1=>S3 (with
threshold 0,90) are relevant.

Notwithstanding it is not easy to argue these iogtions. In fact the implication between the vagats2
and S4 is not an unexpected result, but how haviatempret it in terms of the algebraic thought?

The S4, even if well definedHg/she generalizes by using algebra (he/she dogd put the role of the
paramete), allows us a wide range for the evaluation, deldodification of the student’s behaviour in temhs
true/false. For this reason, in our opinion, itsloet give an evident result.

Instead, in the graph obtained by interpreting tthe variables by thduzzy lentthe S2 and S4 vanish
completely underlying our false intuitive reasondg to the binary analysis.
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The implication between the variables S1 and S3farad again in both the graphs, but if in the bina
graph the implication is of the type S1=>S3, infileezy one it is F31=>F13.

So, in our opinion, it means that there is a sbHijective per cent relatiobetween the fields S1 and S3 and
inversely between the under fuzzy components F8IF4s3.

As regard the Psyco-Social-Pedagogical High Scheiolocchiaro Aprile”, thefuzzy similarity treepoints
out a link between the strategies F11 and F3lhdtvs us how the students, testing by trial endremwant to
start a sort of generalization of the problem Ihatytpoint out not a high performance on it, theyogoby an
incorrect manner.

Fig. 3 Fuzzy Similarity tree of High School “Finddaro Aprile”

On this subject we consider interesting to underlow a fuzzy analysis allows us to point out andcs
evaluate the strategies followed by pupils in gpgeand specific manner. In fact, the analysihefabovduzzy
similarity tree points out the presence of a first embryonic algebstrategy (F31, F32). It is relevant to
underline that this strategy had not been pointgdy the first binary analysis. So the fuzzy as@yshows how
the basic hypothesis cannot be validated totallijfenhseemed completely validated by the binarglgsis. So
by the fuzzy analysis a first algebraic thoughiagted out.

The analysis of the results obtained by the expamtation at the Technical Commercial High Schadéti’
shows a certain parallelism among the behavioumipils in front of the problem. In some ways sasbéained
results seem unexpected since one waited for amamif algebraic thinking compared to the resultihe high
school ‘Finocchiaro Aprilg, seeing that mathematics is not prominent amdwegdisciplines of the course. This
is evident from the following fuzzy similarity tremncerning the second class.

& s & &

Fig. 4 Fuzzy similarity tree of ITC High School “Bli&

The most interesting results of the experimentatibnreferred to the data obtained by the third peils
of High School. So, a comparison among the resuliteined at the High SchoolsGalileo Galilel’ and
“Finocchiaro Aprilé by similarity trees shows not only two differetippologies of curricula but also interesting
differences among students’s abilities concernimgirtdegree of formalization of a mathematical jery
namely their first algebraic competence.
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Binary Similarity tree of F. Aprile Fuzzy Similarity tree of F. Aprile
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Binary Similarity tree of “G. Galilei” Fuzzy Similarity tree of “G. Galilei”

So, the similarity trees from the first high schtBinocchiaro Aprile” point out not only how the arithmetic
reasoning does not carry the required generalizaf®2-S6), but also how the arithmetic strategies a
completely separated from the algebraic ones. Theyfsimilarity tree allow us to underline how ttedation
between S2 and S6 of the binary similarity treespecified in F22-F26. The students, by calculating
differences between squares at random, do notafitydgeneral rule even if they make a lot of attempheir
negative answer to the questions of the test ipatgd by an adequate number of calculations, wiiciny
case are not sufficient to lead them to a genextadia. Another interesting observation can be gairdut from
the similarity between F11 and F61. In fact som@lahts go to the same negative answer after hawadp
some calculation at random. aver eseguito qualalmlo a caso. As we can see, these results ahowted by
the binary classical analysis.

The results pointed out by the data collected atHiight School G. Galilei” are different. Theinary
similarity tree shows a “new” variable which is never presenthia bther binary similarity trees: the variable
referred to the use of tiarameterand so to a more concret and corracte of the algebraic thought. The
“binary lent” points out a deep similarity between S3 and S&laltjic strategies to solve the problem. The
“fuzzy leritallow us to specify, as one deduce from the feif@ implicative graph, this link, in F32 and F42.

EEIE)

FEIE)




Paolaet al.

Approaching to the use of variable, the studentsiatoconsider some large prime numbers as cas@&stud
since they only use the "first" case of their afpés(F42=>F32, implication valid to the threshol@@).

They put the parameter but in an erroneous wayth@nform), and so they do not arrive to a general
formalization.

Other interesting implication could be the F23=>F8lativa ancora una volta allo stretto legametesie tra
una strategia di stampo aritmetico ed una di tigeggebrico.

5 Open problems

The experimentation, by the fuzzy analysis, poirtetimost pupils, except only two into a samplalafost
100 pupils, were not able to formalize a problenmaswning the elementary theory of numbers since the
principally were not accustomed to using the naiofvariable andparameter So, an open problem is for us to
accertain till point curricula in high schools seed in deeping this subject in order to allow papil carry out
generalizations without to fall into the trap ofmall numerical evidence.

References

Chiarugi, 1., Fracassina, G., Furinghetti, F. Pafilg 1995,Parametri, variabili e altro: un ripensamento su
come questi concetti sono presentati in clags@segnamento della Matematica e delle Sciemtegrate,
18B, 1, pp. 34-50.

Gras, R. et alii, 1996l 'implication statistique(Nouvelle méthode exploratoire de donngéd&srenoble: La
Pensée Sauvage.

Gras, R., 199Metodologia di analisi di indagineQuaderni di Ricerca Didattica, 7, pp. 99-109.
Gras, R., 2000,fondamenti dell'analisi statistica implicativQuaderni di Ricerca Didattica, 9, pp. 189-209.

Gras R., Spagnolo F., 200&uzzy implication through statistic implication: mew approach in Zadeh's
Classification Fuzzy Information, 2004. Processing NAFIPS '§4g. 425- 429 Vol.1.

Résumé

Le but de cette recherche est de mettre en évidéaecguelle facon les éléves d’'ages différents gaven
formaliser algébriquement un probleme de théorgerdambres de source historique. Ce travail a &idirié par
une nouvelle perspective épistémologique due asR@as pour représenter une implication floue. d@amées
empiriques ont été traitées par la méthode clasgilgul’Analyse Statistique Implicative tout en jatigur une
grande variabilité des comportements possible®ia®s en liaison avec une analyse a priori égaieflmue.

Les résultats obtenus ont montré une différenceeeiixamen des données avec la logique binaires dan
I'analyse a priori et celle examinée d'un pointwie flou. Ce phénoméne est significativement irsgaat pour
I'évaluation des capacités mathématiques des étbvesseaux différents.

Sunto

Lo scopo di questa ricerca & di mettere in evideinz&he modo allievi di diversa eta sanno come
formalizzare algebricamente un problema di teogiandimeri che ha una rilevanza storica. Questortagcstato
inspirato dalla nuova prospettiva epistemologicautip a Regis Gras per rappresentare una implicafimzy. |
dati empirici sono stati esaminati mediante i metdassici dell’Analisi Statistica Implicativa innucampo di
variabilita grande di possibili comportamenti degflievi relativamente ad un’analisi a priori dpai fuzzy. |
risultati ottenuti hanno mostrato una differenza kesame dei dati affrontato mediante la logicaabia
nell’analisi a priori e quello esaminato da un pudt vista fuzzy. Cid € significativo per la valatane delle
capacita matematiche degli allievi di livello diféate.
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Appendix 1
The test for the experimentation was the following:

TEST

Name......ooovvcvviiiiiie e, Classroom

Look at these examples:

5=1% + 22
13=2%+3
17=1% +4°

As you know 5, 13 and 17 are prime numbers. Acogrdo you, is it possible to write all the othemps
numbers (except 2) in such a way too? Are you tbfmd a rule?
Let motivate your answer.



